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Abstract. In this work, we study an eigenvalue problem for the infinity-Laplacian on 
bounded domains. We prove the existence of the principal eigenvalue and a corresponding 
positive eigenfunction. The work also contains existence results when the parameter, in 
the equation, is less than the first eigenvalue. A comparison principle applicable to these 



^ ^ problems is also proven. Some additional results are shown, in particular, that on star- 

^ ' shaped domains and on domains higher eigenfunctions change sign. When the domain is 

' a ball, we prove that the first eigenfunction has one sign, radial principal eigenfunction exist 

and are unique up to scalar multiplication, and that there are infinitely many eigenvalues. 

^ ' 1. Introduction 



In this work, we study a version of the eigenvalue problem for the infinity-Laplacian on 
bounded domains. In a sense, this is a follow-up of the works in [5l |6] that discuss Dirichlet 
problems involving right hand sides that depend on the solution. 

In order to describe the problem better, we introduce some notations. Let 0, C JR", n >2, 



(N 
> 

' be a bounded domain, O its closure and dQ its boundary. We take a G C(ri) nL°°(J7), a > 
O ! We seek a pair {X,u), A real, and u G C{Q) which solves 

m 

(1.1) Aooli + Xa{x)u =0, in Q, and n = on dU. 

, We refer to A as an eigenvalue of (jl.ip and to u as an eigenfunction corresponding to A. The 
operator Aqo is the infinity-Laplacian and it is defined as 

^ I ^ du du d'^u 

c3 ! °° ^^3 dxidxj 

Since u is only continuous in 0, and the infinity-Laplacian is a nonlinear-degenerate ellip- 
tic operator, solutions are to be understood in the viscosity sense. Questions involving the 
infinity-Laplacian have been attracting considerable attention recently. In particular, ex- 
istence, uniqueness and local regularity have become topics of great interest. For greater 
motivation and context, we direct the reader to the works [H HI [HI [9l [18] . Our current work 
is more along the lines of [5l [6l [TBI Ei- From hereon, we will often refer to (jl.ip as the 
eigenvalue problem. 

One of the main tasks is to be able to characterize the principal or the first eigenvalue of 
(jl.ip . The seminal work [3j provides us with an approach to achieving this goal. While [3] 
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treats the case of the Laplacian, the ideas employed in it are general enough to be applicable 
to nonlinear operators, as shown in [7]. The work that comes closest to ours is in [13], which 
treats the case of the one- homogeneous infinity-Laplacian. One of the major discussion in 
[31 \7\ [13] is the maximum principle when the parameter A is less than the first eigenvalue. 
Our work also addresses this issue in the context of (|l.ip and we prove analogues of some of 
the results known for elliptic operators. 

We also mention that there is great interest in studying the equation that arises when one 
takes the limit, as p tends to infinity, of the first eigenvalue problem for the p-Laplacian. 
The resulting problem is often referred to as the infinity-eigenvalue problem, see for instance 
[21 [HI [15]. The results in this current work, however, bear no relation to the questions that 
arise from this problem. 

We have divided our work as follows. Section 2 contains preliminary results and estimates 
that will be needed for the existence of the first eigenvalue and a positive eigenfunction. 
We also prove a comparison principle that will be used quite frequently in this work. We 
also show that if A is large enough then solutions to the problem in p.l|) change sign. A 
related result appears in Section 5. Section 3 contains results for the case X < Xq, where 
Aq stands for the first eigenvalue in (jl.ip . We prove a version of the maximum principle 
and show the existence of solutions to (jl.ip with non-trivial boundary data and right hand 
side. Section 4 contains a proof of the existence of the first eigenvalue and a corresponding 
positive eigenfunction. Also included here, is a result about the monotonicity of the first 
eigenvalues of the level sets of a positive eigenfunction on fi. In Section 5, we study (jl.ip 
on domains and prove some results. This also contains a brief discussion for star-shaped 
domains. In particular, we show that eigenfunctions, corresponding to higher eigenvalues, 
change sign. It is not clear to us, at this time, if the above result holds in general domains. 
Also, we have been unable to decide if, in general, a first eigenfunction has one sign and if 
Xfi is simple. A partial result appears in Section 6. In Section 6, we take up the case of the 
ball and study the radial first eigenfunction when a{x) is radial. Next, we discuss the radial 
version of the eigenvalue problem when a(x) is a constant function. In particular, we prove 
that there are infinitely many eigenvalues that support radial eigenfunctions. In addition, 
we present a proof that the first eigenfunction, on the ball, has one sign and the radial first 
eigenfunctions are unique up to scalar multiplication. 

We thank the anonymous referee for reading the paper carefully and for his/her comments. 
We also thank Ahmed Mohammed for some discussions at the initial stages of this work. 
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2. Comparison principles and some preliminary estimates 

This section contains a version of a comparison principle which will be used throughout 
this work. We also list some estimates which will assist us in proving the existence of a first 
eigenvalue of In particular, we provide conditions under which solutions to with 

positive boundary data may have a priori bounds. As pointed out in the introduction, we 
also prove that solutions to (jl.ip change sign if A is large enough. 

We start with some notations. We work in JR", n > 2, and if x E JR", we will sometimes 
write X = {xi,X2., ■ ■ ■ ,Xn). By 61,62, ■ ■ ■ ,e„ we denote the unit vectors along the positive 
Xi, X2, * * * ; axes respectively. We will use o to denote the origin. By Bs{p), s > 0, we 
denote the ball of radius s centered at p. We reserve A to be a real number and it will 
represent the parameter in the differential equation in (jl.ip . By Xq, we will mean the first or 
the principal eigenvalue of the problem on the domain fi. A careful definition of Aq will be 
provided later in Sections 3 and 4. Unless otherwise mentioned, the functions we encounter 
in this work will all be continuous. Also, throughout this work, all differential equations and 
inequalities are to be understood in the sense of viscosity, see [TU] . 

We recall that the in-ball of a domain Q is the largest ball that is contained in Q, and the 
out-ball of 0, is the smallest ball that contains O. 

Let ^} C M"' he a domain, / G C{0, x 1R,]R) and b € C{dfl). A function u G C{il.) is said 
to be a viscosity sub-solution to A^^u = f{x,u) or said to solve AqoU > f{x,u), in ri, if the 
following holds. For any ip € C^(i7) such that u — ip has a local maximum at a point p G 0, 
we have 

AooHp) > f(.P,u{p)). 

Similarly, u G C(rj) is said to be a viscosity super-solution to AoqU = /(x, u) or said to solve 
AooU < fix,u), in Q,, if, for any ip G C'^{Q,) such that u — tp has a local minimum at g G 
we have 

A^^iq) < f{q,uiq)). 

A function u G C{0,) is a viscosity solution to AqqU = /(x, u), if it is both a sub-solution and 
a super-solution. 

We now introduce the following definitions in relation to the problem (jl.ip . We define 
u G C{Q) to be a sub-solution to the problem 

(2.1) AooU = f {x , u{x)) , X G 0, and n = 6 on 

if u satisfies A^oU > f{x,u), in Cl, and n < 6 on dCl. Similarly, u G C(il) is a super-solution 
to (j2.ip if u satisfies AooU < f{x,u), in Q, and u > b on dQ. We define u G C{Q) to be a 
solution to (12. ip . if it is both a sub-solution and a super-solution to (|2.ip . 
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Let US also note that the operator A^o is reflection, rotation and translation invariant. We 
will also have the need to employ the radial version of AooU, see Section 6. Suppose that for 
some p G and for some p > 0, we have u : Bp{p) — > IR. If u{x) = u{r), where r = |x — p|, 
then we obtain by a differentiation that 

Setting a = 3^/3/4, we also note that if u{x) = a\x —p\^^^-i then AoqU = 1, x € Bp{p), in the 
sense of viscosity. 

We now gather various preliminary results we will need in the rest of this work. We start 
with a comparison principle. This is a variant of a result proven in [5], see Lemma 4.1 therein. 
We provide details of the proof of this version. 

Lemma 2.1. Let Q C JR"", n > 2, be a bounded domain, f : Q,x M ^ M and g : Qx IR ^ M 
be continuous. Suppose that u € C(i7) and v € C(i7). 

(a) If supq{u — v) > supqq{u — v) and the following hold, in the sense of viscosity, 

AooU + f{x,u{x)) > and A^oV + g{x,v{x)) < 0, V x G il, 

then there is a point p G such that 

{u — v){p) = sup(u — v) and g{p,v{p)) < f{p,u{p)). 
n 

(b) Analogously, if ini fi{u — v) < miQQ{u — v) and 

AooU + f {x , u{x)) < and AqoV + g{x,v{x)) > V x G il, 
then there is a point g G such that 

{u-v){q) =ini{u-v) and f{q,u{q))<g{q,v{q)). 



Proof. We employ the ideas in [10] and use the concept of sub-jets and sup-jets. We will 
prove part (a). The proof of part (b) will follow in an analogous manner. Set M = supq{u—v). 
By our hypothesis, M > supg^^u — v). Define, for e > 0, 

(2.3) We{x,y) := u{x) - v{y) - ^\x -y\'^, (x,y)GJ7xO. 

Set Me := supQ^QWi;{x,y), and let (xg, y^) G x be such that is attained at (x^, y^). 
The following are well-known, see |10j . 



(I — Us I ^ \ I '^S — Us I ^ 
u(xp) — v(vp) — I = M, and lim — — = 0. 
^ ^^^^ 2e J e^o 2e 

Let p G r2 be such that Xg and ^ p, as e 0. Clearly, M = u[p) — v[p). Since M > 
supqq{u — v), there is an open set O, compactly contained in ^l, such that p, x^ and ys G O. 
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Next, since {xs,ye) is a point of maximum of We{x,y), ((x^ — y£)/e,Xs) G J^'+ii(xe) and 
((xg — 2/£)/e,y^) G J'^~v{yi,). Moreover, we have, see [TU] , 

The above clearly implies < 1^, and using the definitions of J^'^ and J^'~, we see that 
(2.4) 

Now let e ^ to conclude that g{p,v{p)) < f{p,u{p)). □ 

We now state a few consequences of the above lemma. The first is an application of Lemma 
12.11 to the eigenvalue problem (jl.ip . This version will be used frequently in the rest of this 
work. 

Lemma 2.2. Let Ai and A2 be real numbers, and a{x) G C(ri) nL°^(r2), a(x) > 0. Suppose 

that u G C(n) and v G C(n). 

(i) Ifsup^iu -v)> supQ^{u - v), and 

Aoo'U + Aia(x)ti^ > and A^qV + X2a{x)v^ < 0, in il, 

then there is a point p £ Q such that {u — v){p) = supq(u — v) and Xiu^ip) > \2V^{p). 
(a) Similarly, if mffi{u — v) < mfQQ{u — v), and 

Aoo^i + Aia(x)ti^ < and A^oV + \2a{x)v^ inVi, 

then there is a point q £ Cl such that (u — v){q) = inff7(n — v) and XiU'^{q) < X2v'^{q). □ 

We state below a consequence of Lemma 12.21 Versions of Lemma 12.31 are well-known in 
the context of eigenvalue problems for elliptic operators. Also see [3l[71[13]. Here, we do not 
require that Q be bounded. 

Lemma 2.3. Let 17 C iR" be a domain. Suppose that a{x) G C(ri), a{x) > 0, and < Ai < 
A2. Let u G C($7), and v G C(il), v > 0, solve the problems 

AooU + Aia(x)u^ > and A^oV + A2a(x)f ^ < 0, in Q. 

Then either u < in $7, or the following conclusions hold. 

(i) Let U C 0, be a compactly contained sub-domain of Q such that u > somewhere in U. 
Then 

u u 
sup — = sup — . 

u V su V 
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(ii) Assume that u > somewhere in Q. Suppose that C U^+i C il, = 1,2,-- - , are 
compactly contained sub domains ofil, with UkUk = ^- If limf^^^supu^ u/v < oo, then 

sup — = lim I sup — I = lim ( sup — 1 . 

Proof: We prove (i). Let [/ be a compactly contained sub-domain of $7 and assume that 
u > somewhere in U . Suppose that p € C/ is such that sup^(ii/f ) = u{p)/v{p) > supgu u/v. 
By our hypothesis, u{p) > 0. Thus the function 

(2.5) w{x) = v{p)u{x) — u{p)v{x) < 0, X & U. 

In particular, w{x) < on dU, and w{p) = 0. Thus supu w > supg^ w. Since u{p) > and 
v{p) > 0, we have that for V x G Cl, 

Aoo{v{p)u{x)) + Xia{x){v{p)u{x) f > 0, and Aoo{u{p)v{x)) + X2a{x){u{p)v{x)f < 0. 

We may now apply Lemma l2.2r part(i)). It follows that there is a z G U such that w{z) = 
sup(7 w and 

(2.6) Xia{z)u{zfv{pf > \2a{z)u{pfv{zf, 

that is, Tu{p)/v{p) < u{z)/v{z), where r = (A2/Ai)^''^ > 1. This is a contradiction. Thus 
supjj{u/v) = supQjj{u/v). 

We now prove (ii). Let y G be such that u{y) > 0. Take k large, so that y G Uk- Set 
fik = supQij^{u/v). By part(i), the fikS are increasing. It is clear that the limit /i = sup^ /ifc < 
oo. If supq{u/v) > ^ then one can find a set C/fc, for k large, such that snpjj^{u/v) > fi. This 
violates the maximum principle in part (i), as supQij^{u/v) < fj,. The lemma holds. □ 

Remark 2.4. As an application of Lemma [231 we record the following. Let 0, C -ff?" be a 
bounded domain, and < Ai < A2. Assume that u, v G C(il), v > 0, solve 

Aooii + Xia{x)u^ > 0, AooW + X2a{x)v'^ < 0, for x G Q, and v > n on d^}. 

Thus, if u is positive somewhere in then u is positive somewhere on dO,. As a result, if 
u < 0, on dQ, then u < in Q. □ 

We now recall a few results from [5l [6l [161 CZ] which we will utilize in our work. The first 
three lemmas contain versions of the comparison principle that apply in our context. 

Lemma 2.5. Suppose that f G C{0,), f > 0, f < or f = in ^. Let u,v € C{Q) satisfy 
AcxiU > f{x) and AooV < f{x) in il. Then 

sup(n — v) = sup(ii — v). □ 
n dn 



OO-LAPLACIAN 7 

Lemma 2.6. Suppose that fi, f2 £ C{0,) with fi{x) > f2{x) in 0. Let u,v G C{Q,) satisfy 
^cx>u > /i(a^) O'lT'd AoqV < f2{x) in $7. Then 

sup(n — v) = sup(ii — v). □ 
n an 

Lemma 2.7. Suppose that f{x,t) G C{Q x ]R,]R) is strictly increasing in t. Let u,v (z C{Q) 
satisfy AoqU > f{x,u) and A^qV < f{x,v) in^l. If u < v on then u <v inQ. □ 

The following estimate will prove useful in this work, see Theorem 5.1 in [6]. For a function 
g, define = max{g, 0} and g^ = m\n{g, 0}. Set a = 3^/^/4. 

Lemma 2.8. Let 17 C M" be a bounded domain, and Bji^{zo), zq € iR", be the out-ball ofQ,. 
Suppose f G C{Q) n L°°{Q), and b G C{dQ). If u £ C{Ti) solves 

AoqU = f{x), X £ u = b on dQ, 

then the following bounds hold. 

inf b - cj(sup f^fl^Rt'^ < u{x) < sup b - a(inf f^f'^Rf^, xeVl. 
9^ n an ^ 

In particular, if f{x) = —\a{x)u'^, a > 0, A > 0, and = sup^ a, then a solution u to lll-l]) 

satisfies 

ini b + a{Xfi)^/^R^/^Mu- < u{x) < supb + a{Xfi)^/^ R^^^ supu+ , x e Q. 
9^ ^ an n 

Setting Xq = ((T^^i?o)~^, then the above may be written more compactly as 

inf5+ (A/Ao)^/^infu" < u{x) < sup6 + (t(A/Ao)^/^ supu+. □ 
dn n QQ Q 

We also recall the following existence result proven in Theorem 3.1 in [6j, also see Corollary 
3.3 and Theorem 5.5 therein. This will be used in showing the existence of solutions to 
equations related to the eigenvalue problem. 

Theorem 2.9. Let f G C{Q x ]R,M) satisfy the condition supQ^^j \f{x,t)\ < oo, for any 
compact interval I, and b G C{dn). Consider the following Dirichlet problem 

(*) AoqU = f{x, u{x)), in Q, and u = b on dil. 

(a) Suppose that 

(i) n* G C(0) is a sub-solution of i.e., Aqo'u* > /(x,n^,), in Vt, and u^, < b on and 

(ii) u* G C{0,) is a super- solution of (*), i.e., A^oU* < f{x,u*), in 0,, and u* >b on d^l. 
If <u* in 0, then problem (*) admits a solution u G C{Q) such that u^, <u<u* in 17. 

(b) If f is such that any solution to (*) has a priori supremum bounds, then there is a solution 
u G C(^) to (*). □ 
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We now record a local Lipschitz continuity result, proven in [6], see Theorem 2.4 therein. 
Also see [T7] . 

Lemma 2.10. Let a be a constant. Any solution u G C{il.) nL°°($7) of AaQu{x) > a, in $7, 
is locally Lipschitz continuous in Q. More specifically, given € there is a constant C 
that depends on xq, diam{Q), \a\ and WuWj^oc^q-^ such that 

\u{x) - u{y)\ < C\x - y\, x,y £ Bd{xo), 

where d := dist{xQ, dO,)/3. A similar result holds if A^oU < a inQ. □ 

We now shift our attention to obtaining estimates for a problem that is related to (jl.ip . 
These will be important in proving the existence of the first eigenvalue and an associated 
eigenfunction. To achieve this purpose, we study the following Dirichlet problem. Let a € 
C(r2) n L°°{Q,), a > 0, 5 > and A > 0. Consider positive solutions to the problem 

(2.7) AooU + Xa{x)u'^{x) = in and u = 6 on d^l. 



In order to show existence we note that the function ^/^ = 5 is a sub-solution to (|2.7p . For 
small A, we obtain a priori supremum bounds. This will lead to the existence of a solution u. 

Lemma 2.11. Let Q C iR" be a bounded domain. Suppose that a{x) G C(r2)nL°°($7), a{x) > 
0, 5 > 0, and A > 0. Let Ro be the radius of the out-ball for n = sup^ a, a = 3^/^/4 and 
Ao = {a'^ nRo)~^ ■ Consider the problem 

(•k) AaoU + Xa{x)u'^{x) = 0, in fl, and u = 6 on 50. 

Assume that u G C{Q) is a solution to (*). 
(i) If X = then u = 6 in Q. 

(a) If X < and 5 > then < u < 6. 7/5 = then u = is the only solution. 
(Hi) If 6 = and u € (7(17) is a non-trivial and non-constant solution, then A > 0. 
(iv) If < X < Xq then u is positive in 17 and a priori bounded. More precisely, 

'<"-T"-l-(A/Ao)V3- 

Proof: We show (i). If A = then u is infinity-harmonic and u = 6 in Q. For part (ii), 
suppose that A < 0. Let fl^ denote the set where u < 0. Then Aooii = \X\a{x)u^ < 0, m 
with u vanishing on d^}~ . But u > 0, in Q~, since u is infinity super-harmonic in . It 
follows that = and u > 0, in 17. Thus, u is infinity sub-harmonic in 17, and < u < 6. 
If J = 0, we get ti = in 17, for A < 0. Clearly, parts (i) and (ii) imply part (iii). 
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We now prove part (iv). We will assume that 6 > 0, the conclusion for 6 = follows quite 
easily. We recall Lemma [ 



/ \ \ 1/3 / A \ 

(2.8) miu- <u{x) <d+ { — ] supu^ 

If infn u~ < 0, then (gSI) leads to 



— — — — ■<infti < 0, 

1 - (A/Ao)i/3 ^ 

a contradiction. Thus (|2.8p yields 

6 



< u < sup u < 



- l-(A/Ao)V3- 
Since u is infinity super-harmonic, u > 6 in Q. □ 

Finally, we prove that nontrivial solutions to (j2.7p . when 6 >0, change sign for large enough 
A. This was first shown in [6j and implies that, in the event eigenfunctions corresponding 
to large eigenvalues exist, these eigenfunctions would change sign, a fact well-known for the 
case of elliptic operators. Its relevance to our current work is in obtaining lower and upper 
bounds for the first eigenvalue. We provide a proof of this result for completeness. We do 
not assume that a{x) > everywhere in 0. 

Theorem 2.12. Let 0, Q R'^ be a bounded domain, and a{x) G C(17) n L°°(r2), a{x) > 0, 
and a{x) ^ 0. Set fi = sup^ a, a = 3^/^/4 and \q = (a^fiR^)^^, where Rq is the radius of 
the out-ball for ^l. For < a < 1, define Oq, = {x G : a(x) > a/i}, and set pa to be the 
radius of the in-ball of 0,^. Let 6 >0, and suppose that (A,u), u^O, solves 

(2.9) Aoo^i + Xa{x)u^ = 0, x G ft, and u = 5 on dVt. 

Set 

k = -:—^{ inf (^))<C30. 

Z-^a-^p \o<a<i \ap%J J 

(i) If 6 = 0, then A > Aq. 

(a) If 6 > and u > 0, then we have the upper bound X < A. If 6 = and u > then 
Xq < X < A. In any case, if X is large enough then every solution u to h2. 9^) changes sign in 
regardless of 6. 

Proof. For part (i) , we refer to parts (iii) and (iv) of Lemma 12.111 By (j2.8p , if = then 
u = 0, for A < Aq. 

We now prove part (ii). See Lemma 12.111 (ii) and Theorem 12.91 (b) for the lack of a lower 
bound for A when 6 > 0. If 5 = and A > Aj^ then u > 0, since u is infinity super-harmonic. 

In order to show the upper bound for A, we assume that A > 0. Let (A, u), u £ C(J7), u > 0, 
solve (j2.9p . Being infinity super-harmonic in ii, u satisfies the strong minimum principle 
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and u > 6. For < a < 1, let Bp^{za) be the in-ball for Qa- For < r < pa, define 
m(r) = iniQ^^^^za) ^- Then 6 < m{r) < u, in Br{za), and m(r) is decreasing. Consider 

It is clear that v is infinity harmonic in Bp^(za) \ {za}- Since u > 6 on dBp^{za) and 
u{za) = m{0), by Lemma [23} v < u in Bp{za) \ {zq}- Taking |x — z^l = (^Pa, for < < 1, 
and noting that v{9pa) < m{6pa), we have 

m(0) - 6 1 

Next we consider, in the ball Bgp^{za), the function 

w{x) = a{ap\f/^m{epa) ([Op^f^ -\x- z^'^^ + miOp^). 
Using (|2.2p . a calculation shows that 

/S.00W = —a\pm{9pa)^ , in Bgp^{za), and w = m{dpa) on \x — Za\ = Pa- 
in Bgp^{za) C r^Q,, we note that a{x) > ap and u > m{6pa). Thus 

AooM = -\a{x)u^ < -aXpm{9paf, x £ Bgp^{za), 
with u > w on \x — Zc,\ = Opa- Lemma 12.61 yields that w <u\n Bgp^{za)- Moreover, 

w{za) = a\^l^{apf'^m{epa) {Opaf^ + m{9pa) < u{za) = m(0). 
Recalling that u > S and rewriting, 

aX^^^{ap)^/^{m{ep^) - 6) {Op^f^ + m{epa) -d< m(0) - 5. 
Rearranging and using (I2.10p . we have 

Rewriting, we get 

-AV3(a,)V3,4/3 < 0<^<L 

By computing the minimum of the right hand side, which occurs at 9 = 1/4, we obtain 

44 

A < . o , 7T. □ 



3^a^p{ap\ 
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3. Existence and properties of solutions to (|2.7|) 

In this section, we derive properties of solutions to (12. 7p when u takes positive values on 
d^l. This will lead to an existence result for (j2.7p with non-trivial right-hand side. All these 
will be proven under the condition that A is less than the first eigenvalue Aq of Aqo- We will 
adapt the comparison principle in Lemma 12.31 to the current context and this will lead to 
uniqueness, under some conditions. 

We will begin with a discussion of how to define the first eigenvalue. The basic idea 
resembles closely the one employed in [3l [71 |T3] . 

Lemma 3.1. Let Q C M"' be a bounded domain. Suppose that a{x) € C(il) nL°°($7), a{x) > 
0, and assume that 6 > 0. Define Aq = (cr^^i?^)^^, where a = 3^/^/4, fi = sup^ a, and Rq 
the radius of the out-ball offl. Then the Dirichlet problem 

(3.1) ^oqU + Xa{x)u^ = 0, in Q, and u = 6 on dQ, 
has a positive solution u for < A < Aq- 

Proof. We use Theorem 12. Bf b) and Lemma [2.11f iv). Since A < Aq, any solution n is a priori 
bounded and Theorem 12.91 leads to a solution. Lemma 12.111 ensures that u > 6 in i}. □ 

We now discuss the definition of the first eigenvalue. The fact that it is indeed an eigenvalue 
and has at least one eigenfunction will be shown in Section 4. We define, for each 6 > 0, 

(3.2) S = S{n) = {A > : Problem l^{or has positive solutions}. 
By Lemma |3.1|, S is non-empty. By Theorem 12.121 S is bounded above. Now set 

(3.3) An = sup A. 

s 

We refer to Aq as the first or the principal eigenvalue of Aqo on Q. 
Remark 3.2. We record the following conclusions. 

(i) By Lemma [2Tn Xn > {a^fj.R'^y^. We show that the interval [0,An) C S. Let A G 5 and 
u > be a solution to 

Aoo^t + Xa{x)u^ = 0, in 0, and u = 6 on di}. 
Note that u > 6 in Q. If < A' < A, then u is a super-solution to 

(3.4) Aoo^^ + X'a{x)v'^ = 0, in and v = 6 on dQ. 

Clearly, w = 6 is a sub-solution; it follows from Theorem 12.91 that there is a solution v to 
p.4p such that 5 < v < u. Hence, A' € S. That Xn ^ S will follow from Lemma 13.31 below. 

(ii) The set S is independent of the value of 5. This follows by scaling. 
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(iii) We discuss the influence of the weight function a{x). Write in (|3.2p . S = S{Q,a) 
and in (|3.3|) . Xq = Xn{a). We claim that S{Q,b) C S{Q,a), and An(a) > Xn{b), when 
< a{x) < b{x), in il. To see this, let A G S{Q, b). We can find a function u G C(il), n > 0, 
that solves AooU + A6(x)u^ = 0, in il, and n = (5 on 917. Then AooU + Aa(x)ii^ < 0, in Q. 
Since t> = 5 is a sub-solution, we have from Theorem 12.91 that there is a function u G C{Q), 
V < u < u, that solves 

AooU + Aa(x)'U^ = 0, in Q,, and u = 6 on dQ. 
Thus A G S{Q,a) and Af2(a) > Af2(6). 

(iv) By Theorem 12.121 the set S is bounded from above and Af^ < oo. □ 

Later in this section, we will use (j3.2|) to state an existence result for boundary data that 
has one sign, under the hypothesis < A < Aj^. A related result is in Lemma 13.71 where it is 
shown that if < A < Aq and the boundary data is zero then the zero solution is the only 
solution. 

We restate problem ()2.7p for easy reference. Also recall (j3.2p and ()3.3p . We will study the 
properties of a solution u G C{0,), u > 0, to 

(3.5) AooU + Aa(x)ii^ = 0, in Jl, and u = 5 > on dQ. 

Here < X < X^ < oo. We refer the reader to Lemma 12.111 for the case A < 0. 

We show next that if A G S, then, for some e > 0, A + e is also in S. This will imply that 
Aq S, justifying part (iii) in Remark l3.2[ 

Lemma 3.3. Let a{x) G C{Q) H L°°{Q,) with a{x) > 0. Suppose that for some A > 0, there 
is a function v G C(J7), v > 0, such that 

(3.6) Aoo^" + Xa{x)v^ < 0, in Cl, and v > 6 on dfl. 

Set m = supQ V. Then, for every e such that < e < X{5/mY the problem 

AooU + (A + e)a{x)u^ = 0, in il, and u = 6 on dVL, 
has a positive solution u G C{^). Hence, An ^ S, where S is as in \3.2(l . 

Proof: We apply Theorem 12.91 to achieve the proof. Let < e < X{5/m)^. Take < a < 1 
such that 

(3.7) e<aX{5/mf. 
Since f > 0, it follows that v > 6 \n ^. Define 

w{x) = v{x) — Q(5, X G ri. 
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Then (|3.6p becomes 

(3.8) ^ooW + Xa{x)v'^ < 0, in $7, and w > {I — a)6 on dQ. 
Writing v = w + a6 and noting w < m in il, we expand, using (jS.Sp . to obtain 

AooW + {X + £)a{x)w^ < a{x){{X + s)w^ - Xv^) 

= a{x) {{X + e)w^ - X{w + aSf) 

(3.9) < a{x) {em^ - X{3a5w'^ + 3a'^5'^w + a^5^)) . 
Since w > {1 — a)6 and — 3q + 3 > 1, for < a < 1, we have that 

a6 {3w^ + 3a6w + a^6^) > a6^{a^ - 3a + 3) > a6^. 
Using the above in (j3.9p and applying ()3.7p . 

(3.10) Aoow + {X + e)a{x)w^ < a{x) {em^ - Xa6^) < 0, x £ ^l. 

It is clear that if we take < e < X[5/rnf' and any a with (e/A)(m/5)^ < a < 1 (see ()3.7p ) 
then the function 

(3.11) , = »=!p^>,. 

(1 — aj 1 — a 

defined in fi, is a super-solution to 

(3.12) Aoo/ + (A + e)a{x)f = 0, in Q., and / = 5 on d^. 

Next, we observe that the function g{x) = 6, x G O is a sub-solution of (j3.12p . Since g < h 
in fi, invoking Theorem 12.9^ we obtain that ()3.12p has a solution u such that g < u < h in 

n. □ 

We prove now a comparison principle by employing Lemmas 12.31 and 13.31 This will imply 
the uniqueness of solutions to (j3.5p for < A < Af^ . We will utilize the function h defined in 
(|3.1ip . Also, see [3l[71[13]. We do not assume that $7 is bounded. 

Lemma 3.4. Suppose that a{x) € C (Q) n L°° (0,) , a{x) > and A > 0. Let u, v e C{Q), v > 
0, solve the problems 

AooW + Xa{x)u^ > and AooV + Xa{x)v'^ < in Q. 

Either u < in Q, or the following holds. 

(a) If U is a compactly contained sub-domain of fl and u > somewhere in U, then 
supu{u/v) = supQu{u/v). 

(b) Suppose that u > somewhere in Q and {Um}, m = 1,2, ■ ■ ■ is an increasing sequence of 
compactly contained sub-domains of Q,, with U'^—iUm = T/lim^—^oo 

snpQu^{u/v) = k < 

oo, then k > and u < kv in Q. 
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Proof: We take part (a). Let U , compactly contained in Vt, be such that n > somewhere 
in U . Set ^ = i{U) = infgj/ v. Being infinity super-harmonic, v > £ in U. If we define, for 
< a < 1, 

v-ai . 

n = , m U , 

1 — a 

then a simple calculation shows that h > v > £{1 — a) in U. By ()3.10p . we also have 

Aoo/i + (A + e)a{x)h^ < 0, in U, 

where < e < \a{£/ sup[/ v)^ . By Lemma [231 we have that for every < a < 1, 

u u 
sup - = sup-. 

u n gjj n 



Letting a J, 0, we obtain that 



u u 
sup — = sup — . 

U V gu V 



Part (b) of the lemma follows by applying the arguments of Lemma [231 and Remark I2.4[ □ 

As a consequence of Lemma 13.41 we obtain the uniqueness of solutions to the Dirichlet 
problem (jS.Sp with inigQ b > 0. 

Remark 3.5. Let C iR" be a domain, < X < oo, and o(x) G C{0,) D a{x) > 0. 

Suppose that u, v € C{Q), with u > and v > 0, solve 

Aoo^* + Xa{x)u^ = in and A^oV + Xa{x)v^ = 0. 

Suppose that {Um}, rn = 1,2, •• • , is an increasing sequence of compactly contained sub- 
domains of i7 with Uj^^^f/m = ^- If limm^oo(supa(7^(ii/f)) and limm^oo{supai,^{v/u)) exist 
then 

/ _ u\ u(x) ( u\ 

lim ml — < — — < lim sup — , x £ il. 

m^oo \dU,n V J V{x) m^oo \qu^ V ) 

These limits, if they exist, are independent of the sequence. 

As an application, if ^ is bounded, n, u € C(r2), h € (7(917) is such that inf^Q 6 > and 
u = V = h era. dQ, then we have that u = v in Q. □ 

Next we record an application of Lemma 12.31 This will be used in Section 4, where we 
show the existence of the first eigenvalue. 

Remark 3.6. Let < A < A'. Suppose that {X,u), u > 0, and (A',^;), f > 0, solve the 
problem (j3.5p . As u and v take the same boundary data, by Lemma 12.31 u < v in 0,. Thus, 
if Afc t An then the corresponding unique solutions {vk} form an increasing sequence. □ 
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We now show that if 5 = in (j3.5p and X < Xq, then the only solution is the zero 
solution. The proof requires the existence of a solution that is positive in 0,. Note that this 
is guaranteed by the nature of the set S, see p.2p . 

Lemma 3.7. Let a{x) G C(Q)nL°°(r2), a{x) > 0, and X > 0. Suppose that v G C{Ti), v > 0, 
and V solves 

AoqV + Xa{x)v^ < 0, in 
If inig^v > 0, and u G C(0) solves 

(3.13) Aooii + Aa(x)n'^ > 0, in i}, and u = on dQ, 

then u <0 in Q. If equality holds in i3.13\) then u = inVl. 

Proof: We use Lemma 13. 4i If u solves (j3.13p and u is positive somewhere in Q. then 
supQ(n/v) = supgQ(u/f) > 0. This being a contradiction, we have u < in 17. If, in- 
stead of the inequality in (j3.13p . equality holds, then both u and —u are solutions. We 
conclude that u = in 17. Incidentally, if < A < Aq then such a function v exists, by ()3.2p . 
□ 

A related result follows below. 

Remark 3.8. Let a{x) G C{VL) n L°°(17), a{x) > 0, < Ai < A2 and 5 > 0. Suppose that 
u, V G C{^}) solve the problems 

^ooU + Xia{x)u^ > and A^oV + X2a{x)v^ < 0, in $7. 

Assume also that u < 6 < v on on. Set a = (Ai/Aa)^/^ If u > and u is positive somewhere 
in 17, then we claim that 

To see this, we make the following observation. Let A > and w G C(17) be positive. If 
AcxiW + Xa{x)w'^ > 0, in 17, then for any /3 > 1, we have that A^^w^ + A/3^a(a;)w^'^ > 0. If 
instead, AooW+Xa{x)w^ < 0, then for any < /? < 1, it follows that AooW^+Xl3^a{x)w^'^ < 0. 

Now take /3 = a. Since a < 1, we invoke Lemma [3^ to conclude that u/v°^ < supQ^^u/v") = 
6^~°'. The claim holds. 

We surmise that a stronger estimate holds, namely, that u{x) < C5, V x G 17, where 
C = C(Ai, A2, 17). However, a proof is not yet clear to us. □ 

We now state the first of the two existence results of this section. We include a partial 
result about uniqueness. Also see [13]. 
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Theorem 3.9. Let Q. C iR" be a bounded domain, and a{x) G C{^) nL°°(i7) with a{x) > 0. 
Suppose that < A < A^j and b € C{dil). Then there is a function u G C{Q) that solves the 
following Dirichlet problem, that is, 

(3.14) Aooii + \a{x)u^ = 0, in Vl, and u = b on dfl. 

In addition, we have the following, 
(i) If b = on dVt, then = 0, in 17. 

(a) Suppose that b ^ on dQ. If inigQ b > or supgQ b <0 then every solution u € C{Q) is 

non-vanishing in Vt. 

(Hi) If inig^ \b\ > then u is unique. 

Proof. We first show the existence of a solution to ()3.14p . Let m = supg^ b and i = infgQ b. 
If £ = m, Remark 13.21 gives us a solution. Take mi > max(m, 0), and £i < min(0,£). 
By Remark 13.21 there is a t«i G C{Q), wi > 0, that solves 

(3.15) AooW^i + Xa{x)wf = 0, in il, and wi = mi on dQ. 
By (|3.15|) . the function W2 = {£i/mi)wi solves 

^ooW2 + \a{x)w\ = 0, in J], and W2 = li on dVl. 

Clearly, W2 < wi, in 0, and W2 < b < wi on dQ. By Theorem 12. 9( there is a solution 
u G C{n) to (|3T4]) such that W2 < u < wi. 

It is clear that part (i) of the lemma follows from Remark 13.21 and Lemma 13.71 We prove 
part (ii). We will assume that 6 > (if 6 < 0, we work with —u). Suppose that u changes 
sign in Q. Call = {u < 0}. Then u solves 

Aoo^ + Xa{x)u^ = 0, and u = on dCl~ . 

Since A < Aq, by Remark 13.21 there is a solution v G C{0,), for 5 > 0, to 

AooV + Xa{x)v^ = 0, V > 0, in 0, and v = 6 on d^. 

Since v > 5, in , applying Lemma 13.71 to u and v in Q~ , we obtain a contradiction. Thus, 
u > in il, and being infinity super-harmonic we have that u > in il. Part (iii) follows 
from Remark 13. 5| also see Lemma 13.41 □ 

We now state an existence result for non-homogenous right hand sides. We will prove this 
under the somewhat restrictive assumption that inf^ 0(2;) > 0. We do not address the issue 
of uniqueness. We borrow an idea from Lemma 13.31 Also see |13j . 
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Theorem 3.10. Let C iR" be a bounded domain, a{x) G C(ri)nL°°(il), with inix^o. a{x) > 
0, and < A < Aq. Suppose that h S C{VL)i^L°°{VL) and b G C{dil). Then there is a function 
u € C{Q) that solves the following Dirichlet problem, 

(3.16) ^oqU + Aa(x)n^ = h{x), in ft, and u = b on dft. 

Proof. Our approach is similar to Lemma 13.91 Let m = supg^ b, i = inf^Q b, M = supQ \h\ 
and v = inf^ a. Take mi > max(m,0) and £i < min{0,i,—mi). We wih construct a 
sub-solution and a super-solution to ()3.16p . 

(i) We first construct a super-solution. Let wi G C{fl), wi > 0, be a solution to 

Aoot^i + Xa{x)wf = 0, in Q, with wi = mi on dfl. 

Existence follows from Remark 13.21 Being infinity super-harmonic, wi > mi. For < a < 1, 
take W2 = wi — ami. Thus A00W2 + Xa{x){w2 + ami)^ = 0. Expanding, 

AooiL'2 + Xa{x)w2 = —Xa{x) (Samiwl + ^a^m\w2 + Q^mi) . 

Noting that ^2 ^ (1 ~ a)mi, in 0, we obtain that 

AocW2 + Xa{x)wl < -Xum\ (3q(1 - of + 3a^(l - a) + a^) . 

Set w = W2/{^ — a). Selecting a close enough to 1, we obtain from above that 

^ / X X / 3q 3a^ \ 

A^w + XaixW < -X^rnl + + j < -M. 

Thus w € C(J7) solves 

Aooli' < /i(x) — Aa(x)w^, w > 0, in VL, and w = mi > 6 on d^l. 

(ii) We now construct a sub-solution S C(r2) that satisfies 

Aoo'W + Xa{x)v'^ > M, V < 0, in fl, and v = ^i on (9Q. 

If we take v = {ii/mi)w, where w is as in part (i), we obtain that 

M\£ P 

AoqV + Xa{x)v^ > o — > h{x), V < 0, in Q, and t> = ^1 < 6 on dCl. 

mf 

Invoking Theorem 12. 9( we obtain the existence of a solution u € C{fl), v < u < w, to (I3.16p . 
□ 

We conclude this section with a result about distance estimates regarding how close the 
points of a level set, of any positive solution u of (j2.7|) . are to the boundary dfl. Define 
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Lemma 3.11. Suppose that a{x) G C{^) n a{x) > 0, A > and J > 0. Let 

u € C(f]), n > 0, solve the problem 

(3.17) Aoo^i + \a{x)v? = 0, in Q., and u = 5 on dVL. 

Set V = inffj 0(2;) and d{x) =dist(x, dQ), x Q. It follows that 



(Ai/)l/4 - (Azy)l/4- 
If m = supqU and z G 17 zs such that u{z) = m, then d{z) < F{5/m)/{Xi')^^^ . 

Proof. First notice that the integral F(0) < 00. Let x G fi. Set d = d{x) and consider 
the bah B(i{x). For < r < d, define m(r) = inf^^(^.-) u. Since u is infinity superharmonic, 
m(r) = infg^^(^) u, m(r) is concave and is decreasing. Also rn-(O) = u{x) and m((i) = 5. 
For y G Bd{x), set r = |x — y|. Let tt)(y) = w{r) G C{Bd{x)) be defined as 

/ ft \ 

(3.18) u;(r) = 'u;(0) - {'iXvf/^j i^J m{sf dsj dt 

Here w{0) is so chosen that w{d) = 6. Note that w'{0) = 0. Using (12.2p . one can show that 
is a viscosity solution to 

Aoo'W^(y) + \y'm{r)^ = 0, in B(i{x), and w = 5 on dBfi{x). 

See Lemma 4.1 in ^ for a proof. Next, n solves p.l7p . in B(i{x), with u > (5, on dB^^x). 
Thus, Lemma 12.61 implies that w <u, and w{r) < m{r), in Bd{x). Thus, 

{w' {r))'^w" {r) + XuuP' < 0, in Bd{x), and t(;((i) = 5. 

Noting that w'{r) < and w{r) > 0, and multiplying both sides by w'{r), an integration 
leads to 

,1/4 , r^°^ ds ds 
i^^) ' d < / — — -T7J < 



Is (u;(0)4 - s4)l/4 - (1 _ s4)l/4 • 

The conclusion of the lemma holds. □ 

4. Existence of the first eigenvalue and the first eigenfunction 



In this section, we will show that \q, defined in ()3.3p . is the first eigenvalue of Aqo on 
n. The proof will also provide us with the existence of a first eigenfunction which turns out 
to be positive. As was shown in Lemma |3.7^ solutions to (jl.ip . for A < Af^, are the zero- 
solutions. Thus An is the smallest value of A, in p.ip . that supports a non-trivial solution. 
This section also contains some monotonicity results about the first eigenvalues of the level 
sets of a positive first eigenfunction on fi. 
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In this section, we will always take 0, C iR" to be a bounded domain. For a better 
exposition, recall (|2.7|) . (|3.2p and (|3.3p . In Section 3, we showed that if a{x) € C{fl) n 
L°°{fl), a(x) > 0, 5 > and < A < Aq, then there exists a positive solution u e C(i7) to 

(4.1) Aoo^i + Xa{x)u^ = 0, in f], and u = 5 on 9(7. 

Moreover, by Remark 13.51 u is unique. We recall Remark 13.61 where it is shown that if 
{Afcj^j^, Afc G 5, is an increasing sequence and if Uk is the positive solution to (14.11) corre- 
sponding to Afc, then Uk+i > Uk in We record this fact in 

(4.2) Uk, k = 1,2, ■ ■ ■ , is an increasing sequence. 
We now prove the main result of this section. Also see |13j . 



Theorem 4.1. Let C M", n > 2, be a bounded domain, and a{x) G C{Q,) fl L°°{Q,) 
with a{x) > 0. Let S be as defined in \3.^) and Aq = sup 5. Then there is a solution 
V € C(r2), V > to the eigenvalue problem 

Aoof + XQa{x)v'^ = in $7, and v = on dil.. 

Proof: For A; = 1, 2, • • • , let Afc G 5, be an increasing sequence with limfci-oo Xk = Aq. Fix 
6 > and let Uk > solve the problem 

(4.3) ^ooUk + Afca(x)u| = 0, in Q, and uj. = 5 on d^. 

Set rrik = sup^ u^, it follows from (j4.2p that is increasing. We claim that 

(4.4) lim TTT-fc = oo. 

fc— >oo 

We provide a lower bound for by using Remark 13.21 and Lemma l3.3i By Lemma 13.31 foi' 
each k = 1,2, - ■ ■ , there is a Ufc > such that 

^QoUk + (A/fc + e)a(x)M^ = 0, in Vl, and Uk = 5 on d^, 

where < e < Xk{6/mk)^. We claim that Af^ — Afc > Xk{S/mk)^ . If this were false then by 
taking e = Xn — Xk in Lemma [331 we would obtain a positive solution to Aoo'i]+ Xna{x)r]^ = 0, 
in 0,, and rj = 6 on dO,. This would imply that A^ < sup 5, this contradicts the definition of 
Aq. In other words, the claim holds and 



rrik > 5 



Xfi — Xk 



Thus ([O)) holds. 

Next, define Vk = Uk/rnk- Then supvk = 1 and 

(4.5) Aoot'fc + Xka{x)vf. = 0, in fi, and = d/ruk. 
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As ffc's are uniformly bounded, by Lemma l2.10l they are uniformly locally Lipschitz contin- 
uous. There is a subsequence, which we continue to denote by {v^}, that converges locally 
uniformly to some function v G C(0) such that f > 0. By Lemma 5.1 in [5], it follows that 

V solves 

(4.6) AooW + XnCL{x)v^ = 0, w > 0, in il, and sup^^ v = 1. 

In order to show that v > and v € C{0,), we will employ an upper bound and a lower 
bound. 

We first construct an upper bound. Set ^ = sup^ a{x), and let r] € C{Q) solve the problem 

^ooV = — 2Aq/x, in ri, and r] = 0. 

The existence of r] follows from [21 O [16]. Also, the function r] + 5/mk solves the same 
differential equation with S/rrik as the boundary data. Since (j4.5p implies that bjmy. < 
Vk < 1; it is easy to see that 2\q^^ > XQa{x)vl. It follows from (j4.5p and Lemma [231 that 
S/^k ^ Vk < r] + S/rrik, k = 1,2, •• • . Thus < f < ?y, in particular, t; = on dO, and 

V € C{n). In order to show that v > in Q, we construct a lower bound. Since v^'s are 
continuous in 0, and sup^ = 1, there is a point G such that Vk{xk) = 1- We may now 
find a subsequence of Vk and Xk{ which we continue to call them as Vk and Xk) with Xk — >■ x. 
Since v is small near dil., it follows that x G and v{x) = 1. Let /i € C($7 \ {x}) solve 

Aoo/i = in (7 \ {x}, with h{x) = 2/3 and /i = on (9il. 

By Lemma [2.61 and (j4.5p . < h < Vk, for large /c. Thus, < h < v < rj. The conclusion of 
the theorem follows. □ 

Prom hereon we will refer to Xn as the first eigenvalue of the infinity-Laplacian and a 
non-trivial solution u G C{Q,) to the problem 

(4.7) AooU -|- AQa(2;)ti'^ = 0, in and u = on dQ, 

as a first eigenfunction. As is clear from Theorem 14. 1[ an eigenfunction, having one sign in 
il, exists. In the rest of this section, we will derive some properties of Aq. We start with an 
observation about domain monotonicity of the first eigenvalue. 

Remark 4.2. In (j3.2p . let us write S = S{Q). Suppose that il' C is a sub-domain. If 
A > is such that there is a function v G C{il.) that solves 

AooV + Xa{x)v'^ = 0, f > 0, in Q, and v = 5 on dQ, 

then V also solves the same equation in Q' with v > 6 on dQ'. Thus S{il.) C S{n') and 
Xq < Xn>. 
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Suppose that fi' is compactly contained in Q and u > solves (|4.7p , see Theorem 14.11 If 
we set 9 = inffj/ u, then ^ > 0. Since one can use u as a super-solution and the function 
V = 9 as a sub-solution of ()4.7p . Theorem 12.91 provides us with a positive solution w £ C{Q,') 
to the problem 

^ooW + XQa{x)w^ = 0, in Q' , and w = 9 on dfl'. 
By Lemma |3.3^ we can find an e > and a function w £ C{il.') that solves 

Aoo'U^ + (An + e)a{x)iD^ = 0, w > 0, in ft', and w = 9 on dQ' . 

By the definition of the set S, we see that Afj' > Af^ + e > An- We have thus strict domain 
monotonicity in case ^l' is compactly contained in 0,. However, in general, there is no strict 
domain monotonicity, see Lemma 16.31 in Section 5. □ 

Remark 4.3. We also observe that if n € C(r2), u ^ 0, solves 

Aoo^^ + Aa(x)n^ = 0, in Q, and n = on di}, 

then A > Aq. This can be seen as follows. Firstly, by Lemma 12.111 A > 0. Next, if A < A^, 
then Remark 13.21 and Lemma l3 . 71 would imply that u = in Q. Thus the claim holds. □ 

In the next lemma, we make an observation related to Remark 14.21 This addresses the 
monotonicity property of the first eigenvalue of a level set of an eigenfunction. 

Lemma 4.4. Let il. C M", n > 2, be a bounded domain, and a{x) € C(il) fl L°°(il) with 
a{x) > 0. Let u G C(0), n > 0, and supQ u = 1 be a first eigenfunction, that is, 

AoqU + XQa{x)u'^ = 0, in 0, and u = on dQ. 

For < t < 1, set 0^ = {x G ^2 : u{x) > t}. Then Xq^ is increasing and limf-|-i Xq^ = oo. 

Proof: First note that by Remark |42| An < Xn^ < Xn^, for < t < s < 1, and 

(4.8) AooU + Xna{x)u^ = in Qt, and u = t on dilt, V < t < 1.. 

For notational ease, call At = Xn^. Now, for any fixed < a < 1 and < t < 1, and, for any 
t<s<l, 

(4.9) - (s - atf = 3ast{s - at) + a^t^ > a^t^. 

Take < a < 1 and e > to be chosen later. As done in Lemma |3.3^ we write w = u — at 
and obtain 

(4.10) A^w + {Xn + e)a{x)w^ = a{x){{Xn + e){u-atf - Xnu^) , in Qt, 
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with w = (1 — a)t on dQf Rearranging the right side we obtain that 

a(x) {{Xn + - atf - Xnu^} = a{x) [e{u - atf - Aq {u^ - {u - atf}] . 
Using (|4.9p and t < n < 1 in (|4.10p . we conclude 

AooW + (Aa + e)a{x)w^ < a{x) (e(l - atf - X^a^t^) , 
For < 6* < 1, select 

. a^t^Xn 
ee = 0- 



(1 -Qt)3' 

to obtain 

^ooW + (An + £g)a{x)w^ < 0, in Vl, and it; = t(l — a) > on dVLt- 
By Remark [321 



By Remark W2 



hm Aj > At > An 1 + 



tn V (1 -a*)^ 

The inequality holds for any < a < 1 and < t < 1, hence the claim. □ 

We make a related observation regarding A^. In the previous lemma, we discussed the 
limit lim^^i A^ . In the next lemma we study the limit lim^ j^q ■ 

Lemma 4.5. Suppose that a{x) € (7(17) n L°°(r2) with a{x) > 0. Let T be the set of all X's 
such that X > Xn and the following problem 

^ooV + Xa{x)v^ = 0, in and v = on dQ. 

has a positive solution v G C(0). Let u > be an eigenfunction corresponding to Xn- Assume 
that supn u = 1. For < t < 1, define Jl^ = {x : u{x) > t} and Xt = Xnt- Then 

Xn = inf T < sup T = inf Xt = lim A* . 

t 40 

In particular, T is a singleton set if and only if Xq = lim^j^g hi- 
proof: Firstly, supT < oo, by Theorem l2.12[ IfO<t<s<l then 17^ C l^t, and by Remark 
14.21 < Xs and lim^j^o = inf* Xt- Our goal is to show that Xt > supT, for all < t < 1. 
Suppose not. Let A E T be such that A > A^, for some < t < 1. By the definition of T, 
there is a function v that solves 

AooW + Xa{x)v^ = 0, V > 0, in Jl, with t; = on 
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Since Qt is compactly contained in 17, inf^f^^ v > 0. Next, let to > be a first eigenfunction 
on that is, 

^ooW + Xta{x)w^ = 0, in il^, and w = on d^f 

Since A > A^, applying Lemma [2T3l to v and w in 17^, we obtain < (w/v) < sup^f^^(tt;/f ) = 0, 
a contradiction. Hence, A^ > supT, for all < t < 1. By Theorem l4.lt 

Aq = inf T < supT < inf Aj. 

Next, we show that supT = inf^ A^. To see this, for < t < to, to small, consider the 
family of first eigenfunctions wt that solve 

^ooWt + Xta{x)w^ =0, Wt > 0, in ilt, and wt = on dil,f 

Scale Wt such that suptt^i = 1. Calling Aq = inf^ A^ and arguing as in Theorem 14.11 (see 
Lemma 5.1 in |5j), we obtain a convergent subsequence {wti}fZi (with ti J, 0) of {wt}t<to and 
a function wo € C(0) such that liniti^oc wti = wo with supii^o = 1- Also, 

^ooWo + Aoa(x)u;o = 0, wo > 0, in 17, and > on Oil. 

To show that wo € (7(17) and = on 517, we employ an upper bound similar to that in 
Theorem 14.11 Set = sup^ a and let tj E C(17) be the solution to 

Aoo?? = — 2AtQ;U, in 17 and rj = on 917. 

Since for any < t < C 17, A^ < Xt^, < wt < I and 77 > in 17^, Lemma 12.61 implies 

that W( < ?7 in 17(. Thus < u;o < in 17, and thus, wo € C(17) and tfo = on 917. 

We now prove that t^o > in 17. Let x; € 17^^, / = 1, 2, • • • , be such that wti{xi) = 1. Then 
for some p G 17, — )• p as / — )• 00 (choose a subsequence, if needed). Since wti < rj, it follows 
that p G 17. Hence, wti{p) > 1/2, for ti close to 0. Take s, close to 0, such that p G 17s(any 
s < u{p) will do). We take C to be a positive infinity harmonic function in 17^ \ {p} with 
C{p) = 1/2 and = on dilg- Since wti is positive and infinity super-harmonic in 17^^ and 
17s C 17tj, for < ti < s, Lemma 12.51 implies that wt^ > C in 17s. Thus t«o > C > in 17^. In 
particular, tt;o > in 17^, for any s close to 0. Since 17^ exhausts 17 as s decreases to 0, we 
have that li^o > in 17. 

Thus inf J A^ = sup T. The claim holds. □ 

Remark 4.6. Let the function u G C(17), the sets 17^, the eigenvalues A^, < t < 1, and T 
be as in the statement of Lemma |4.5[ We claim that the set T is either a singleton set or the 
interval [Xq, supT]. Set A-^ = supT, and assume that T is not a singleton set. Choose e > 
such that X^ — e > Xq. Fix 5 > 0, and for each < t < 1, consider the family of problems 

^ooVt + (A"^ — e)a{x)v'l = 0, vt > 0, in 17^, with vt = d on dilf 
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By Lemma 14.51 Xt > — £■ Hence, Theorem 13.91 (also see Remark 13. 2p implies that the 
above has a unique solution vt G C(r2(), vt > 6, for every < t < 1. If < ti < t2 < I, then 
Of 2 C ilfj and Af ^ < , and we conclude from Lemma 13.41 that < vt-^ , in ■ Call rrit = 
supQ^ Vt, then mt increases as t decreases. We claim that lim^io "it = oo. To see this, first we 
employ Lemma [231 noting that Xt > Xq, to observe that supQ^(u/wj) = supQQ^{u/vt) = t/6. 
If supi rrit < oo then it follows that u < {tnit)/5, in Of. Letting t decrease to 0, we get u = 
in O. This is a contradiction and the claim holds. 

Define wt = vt/mt, in fi^. Noting that sup^^ wt = 1 and arguing as in Theorem 14.11 and 
Lemma H3] (see Lemma 5.1 in [5]), one can find a convergent subsequence {wti \ of {lUfKwith 
ti — )• 0) and w G C(0) such that \\m.t^^oWt^ — )• w. Moreover, 

^oqW + (A'^ — e)a{x)w^ = 0, w > 0, in $7, with = on 

This proves our assertion. □ 

5. Additional results on some special domains 

In Sections 5 and 6, we will discuss some results regarding the first eigenvalue problem on 
some special domains. The present section contains a discussion related to the eigenvalue 
problem (j4.7p on domains and on star-shaped domains. If Xt and T are as in the statement 
of Lemma [4.51 we will show that T is a singleton set when is a domain, in other words, 
lim^io At = Aq , see Remark 15.21 

We begin this section by proving that the eigenfunctions corresponding to higher eigen- 
values change sign. This fact is well-known in the context of elliptic operators on general 
domains. We provide a proof in this context for domains and star-shaped domains. In 
this context, recall the result in Theorem 12.121 that holds on any bounded domain. 

Lemma 5.1. Let Q C iR" he a bounded domain. Suppose that either has boundaries or 
is star-shaped. We assume that (i) a{x) G C{^) and, infQa(x) > 0, if Q. is star-shaped, and 
(a) that a{x) G C{Q) nL°°{Q), a{x) > 0, i/S7 has a boundary. Let X > Xq and v G (7(0) 
be such that 

(5.1) Aoo'w + Xa{x)v^ = 0, in O, supf^ v = 1, and v = on d^l. 

Then v changes sign in 0. 

Proof. We start with the case when is a star-shaped domain. Without any loss of 
generality, we may assume that is star-shaped with respect to the origin o. Suppose 
that f > in O. We scale v as follows. For < t < oo, set y = tx, wt{y) = v{x) and 
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i7f = {tx : X G VL}. Note that Jig C i7 C Vit, 0<s<l<t. A simple calculation leads to 

A , 

Aoo'Wt + ■^a{y/t)wf = 0, in Qt, and = on 9$lt. 
Taking t > I, close to 1, and using the uniform continuity of a, we have 

Ana(y) < j^a{y/t), yen. 

Hence, 

^ooWt + Xna{y)wt < 0, in 0, and inf^n m > 0. 
This contradicts the definition of Xq, see Remark 13.21 and Lemma 13.31 The claim holds. 

We now prove the lemma when Q is C^. We achieve this in six steps. We assume that 
u > in (1^ . 

Step 1: By Theorem 14. H one can find an eigenfunction n > such that 

(5.2) Aoo^i + Xna{x)u'^ = 0, in fi, supf^ u = 2, and u = on 50. 

Step 2: We construct two auxiliary functions. Set a = 3^/^/4, and consider the ball Bfj{o), 
for R > 0. Take m > 0, define 

(5.3) iIj^x) = ■i{j{m,R,\x\) = c\x\ -b\x\'^/^, x G Br{o), 

where c = (l/R) + {8a/3)R^^^m^/^ , and b = am}/^. Using (j2.2p . for x 7^ o, we have 

2 



Ah 



4o-\ 
4o-\ 



46|2;|V3 



2 8cb|x|V3 1662|3.[2/3 \ 

' 3 ^ 9 J 

^2 8c6|x|V3\ ^ i6mV352 



-—\ cmV3|^|-2/3 



8crml/3|3.|l/3' 



9 / 



1 Sam}/^ 
+ 



m 



1 1/3 



m < —m. 



\R ' 3 

We record this and other useful facts for iIj, see ()5.3p . 

(5.4) (i) V'(o) = 0, (m) V(^) > 1, and (m) Aoo?/'(x) < -m, V'(3;) > 0, x G -Bi?(o) \ {o}. 
For £ > 0, define 



\x\ 



Vx G S^j(o). 



r/(x) = r]{l,R, |x|) = £ j^l 
We note also the following for future reference. 

(5.5) {i) r}{R) = 0, {ii) r]{o) = i, and (m) A^oVix) = 0, x G Br{o) \ {o}. 
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We introduce additional notations that will be used in Steps 3, 4 and 5. Being a 
domain, satisfies an uniform interior ball condition at every point of dQ. Let 2p denote 
the radius of the optimal ball. For every z £ dO,, let denote the unit inward pointing 
normal. Then the ball B2p{z + 2pi'(z)) C O and z G dil.ridB2p{z + 2ph'{z)). For every z G 90, 
set y = z + pi^{z). 
Step 3: For every z G dil., define 

(5.6) n, = n\ {u,ednBp/2{z + pu{z)/2)) . 
Also, set 

(5.7) £„ = infii and £^ = infu, 



where u is as in Step 1 and v is as in (15. ip . 

Step 4: We work in the balls Bp{y) and B2p{z). Here, Bp{y) C fl B2p{z). We recall the 
constructions in Step 2, (j5.3p - (|5.5p and (j5.7p . Let ;U = supQa(j;). Recalling Step 1, take 
nT-u = ^nfJ- and = Xp. For each fixed z G 917, set in (|5.3p . 



(5.8) ?/;„(x) = V("T'„,2/9, |j; - z|) and V'i)(2;) = V'("i-i),2p, |x - z|), x £ B2p{z). 
Next, in Step 2, take 

(5.9) r?„(x) = r/(4,p, |x - y|) and r?^,(j;) = ?7(4,p, |x - y|), x £ Bp{y). 
We also note that if x G Bp{y) and lies on the segment yz, then 

(5.10) r]u{x) = — and r]y{x) = —. 

P P 

Step 5: We claim that for each z G dVt and x G Bp{y) 

(5.11) rju{x) < u{x) < 2il)u{x), and r/t,(x) < v{x) < Tpvix). 

We present details for u, the proof for v will follow analogously. We apply the properties of 
^pu from ()5.4p in B2p{z) Pi fi, call w = 2V'u. Using Step 1, (|5.4p and (|5.8p . we see that 

^ooW < -8Xnp, and A^oU > -8Xqp, in B2p{z) n fi. 

From (j5.2p . ()5.4p (ii) and (iii), we see that it;(x) > 2 > u[x), x G dB2p{z) n fi, and > u on 
917 n B2p{z). The comparison principles in the Lemmas 12.51 and 12.61 yield that u < 2'ipu, in 
B2p{z) n rj. To show that r/„ < u, in Bp(y), we note 

Aoo??« = 0, and A^oU < 0, in Bp{y) \ {y}. 

Using (j5.5p - (|5.7p and (jS.lOp . we have that r]u{x) < u{x), x G dBp{y) and iu = rjuiv) < u{y). 



Thus, Lemma [231 implies that ry^ < u in Bp(y). Thus (15. lip holds. 
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If X € \ rj* (see (j5.6p ). then one can find a closest point z G 90, such that x G Bp[y), 

where y = z + pvlz). As a result, we have 

ilujx) ^ u{x) ^ 2i;uix) 
V'^(x) ~ v{x) ~ ?7„(x) 

Next, we observe that x lies on the segment yz. From Step 2 and (I5.i0p . we conclude that 
there are positive constants ki, k2 and d, depending only on £u, i-v, A, An, fj, and p, such 
that 

u{ X) 

(5.12) ki < < A;2, for every x with dist(x, dQ) < d. 

v{x) 

Step 6: We recall (f5l^ and Lemma EJl Choose 1 < r < (A/A^)^/^. Since 

li — f = on supf^ n = 2 and sup^j f = 1, the function u — v will assume a positive 
maximum in Q. We will show that this leads to a contradiction thus proving the lemma. 

Since supf^(u — v) > supgQ{u — v), by Lemma \T2[ there is a point xi G fi, where u — v 
takes its supremum and (A/An)^/^f (a;i) < n(xi). As {u — tv){xi) > and {u — tv) = on 
dil., the function u — tv has a positive maximum in $7. An application of Lemma 12.21 to u 
and TV yields that there is an 2:2 G such that 

/ A y/^ 

sup(n — tv) = [u — Tv){x2) > 0, and r ( - — 1 v{x2) < u{x2). 
n \An/ 

We iterate this argument. Suppose that we have shown for some m = 1, 2, • • • , that there is 
an Xm G 0, such that 

/ \ \ 1/3 

sup{u - T^-^v) = {u - T"'-^v){xm) > 0, and r'^-M — r;(x„) < ^x(x^). 
n VAn/ 

Since u — t'"^v = on the function u — t™'v has a positive maximum in 17. Applying 
Lemma |2. 2 1 to u and t"^v, we see that there is an x^+i G O such that 

/ A \ 

sup(u - t"'v) = (n - T"'t!)(xm+i) > 0, and ( — w(xm+i) < u{xm+i)- 
n VAn/ 

Thus, we have shown that for each m = 1, 2, • • • , there is an x^ G 17 such that 

u{Xm) > T'^v{Xm)- 

Recall that the functions u and v are in C(il), n > 0, w > 0, in il, and n = f = on dQ. 
It follows that v{xm) ^ as m — )■ cxD. that is, Xm is close to d^l for large m. Combining 
this with (j5.12p . we obtain r™" < k2, for all values of m that are large enough. This is a 
contradiction and the lemma holds. Incidentally, (15.11) . (15. 2p . ()5.12p and Lemma 12.31 lead to 
u < k2V in 0,. This could have been used instead to achieve the last part of the proof. □ 
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Remark 5.2. Lemma l5.ll leads to the following conclusions. 

(i) Suppose that X = Xq, and u and v are two positive eigenfunctions. Adapting the argu- 
ments in Step 2-5 of Lemma [5.1l and applying Remark [331 we have that ki < u/v < k2, in Q. 

(ii) By Lemma 14.51 Remark 14.61 and Lemma 15. 1|, it follows that lim^o At = A"^ = . Thus T 
is a singleton set. □ 



We now turn our attention to the case of the ball. We will take the weight function a(x) 
to be radial. We will study the radial version of the eigenvalue problem and present some 
properties of the radial eigenfunction. Under the hypothesis that a{x) is a constant function, 
we provide a description of the eigenvalues that support radial eigenfunctions and show that 
there are infinitely many such eigenvalues. We end the section by presenting a proof of the 
fact that if the weight function is a constant then the first eigenfunction has one sign and all 
radial first eigenfunctions are unique up to scalar multiplication. 

We begin by recalling that the existence of the first eigenvalue and a positive first eigen- 
function is guaranteed by Theorem 14.11 We apply now the results of Section 3 and 4 to show 
that there is a first eigenfunction u that is positive and radial. 

For i? > 0, let = Bji{o), and we take a{x) = a{\x\) > 0. For ease of notation, we set 
A_B = ^Bii{o) aiid r = If v{x) = v{r) then the radial expression for the infinity-Laplacian 
in (|2.2p gives us 



Let us also recall from Section 3 the following definition of F{t) for < t < 1, that is, 



The ideas of the proof of Theorem 16.11 and Lemma 16.31 that follow, are similar to those in 
Lemma 6.1 in [6]. 

Theorem 6.1. Let a{x) e C{Br{o)) n L°°{Br{o)), a{x) > 0, and A > 0. Assume that 
a{x) = a{\x\). Let 5 >0, and u solve 



where u{o) = m > is so chosen that u{R) = 5. Then u S C{Br{o)) and the following hold, 
(i) If X < Xb and S > in \6. 3)) . then u > 0, in B, and u is the unique solution to 



6. Case of the ball 



(6.1) 




(6.2) 




(6.3) 




(6.4) 



Aooii + Xa{x)v?' = 0, u > 0, in Br{o), and u{R) = 5. 
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(ii) If X = Xb, in W. then there is a positive function v that solves 16. 3\) in B, with m = 1, 
v{R) = 0. Moreover, v is a radial first eigenf unction. 

(Hi) Let a{x) = k be a positive constant and F be as i6.2\) . Then the positive function u 
defined by 

(6.5) F{u{r)/m)) = {Xk)^/\ 



IS a 



radial solution to ( [6'.-^[ j with 6 > 0. We also have, {Xk^^'^R = F{6/m). 



Proof: We have broken up the proof into five steps. We take 6 > 0. Set fi = sup^ a{x) and 
u{r) = mfB,(o) 

Step 1. For any m > S, define u to be the local solution to (j6.3p . By Picard's iteration, u 
exists near o and is decreasing in r. Since u & C'^, near o (except perhaps at o), we obtain 
by a differentiation that u solves ()6.4p (see (j6.ip ) in r > 0, for small r. We record a simple 
estimate. For small r > 0, since, u(r) < u{s) < m, for < s < r, we have that 

(6.6) (^'•'(rm^ryr^ , ,3,) V3 /' [ /' „,,)„„)3 











^ (3VA)V3^r^/3 



Step 2. We show that u is a viscosity solution to the differential equation in (j6.4p . in a 
neighborhood of o. Assume that for some ip € C'^{Bji{o)), u — ip has a local maximum at 
o, that is, u{x) — u{o) < ■ip{x) — ip{o), for x near o. Employing ()6.3p . ()6.6p and noting that 
r = |a;|, we have 

^ ' ' — < u(x) - u(o) < (I)V(o), x) + o{\x\), as lx| ^ 0. 

Take x = —6D^{o), 6 > 0. Next, dividing both sides by 9 and letting 6* — )• 0, we get 
D7p{o) = 0. Hence, Aoo^(o) + Aa(o)n(o)^ > 0, and n is a sub-solution to (j6.3p . 

Suppose that n — ^ has a minimum at o, that is ^/^(x) — V'(o) < ^(x) — n(o) < 0. Using 
(|6.3p and ()6.6p and arguing as above, we see that Dijj{o) = 0. Clearly, now ()6.3p and ()6.6p 
lead to 

{Dmo)x,x) „,2^/ ,x (3S(r)A)V3u(r)|x|4/3 ^ 
^ y + o{\x\^) < u{x) - u{o) < \ — ' |x| 0. 

Taking, for instance, x = rei, dividing both sides by and then letting r — )• 0, we see 
that D'^'ijj{o) does not exist. Thus, u — ip can not have a minimum at o. Clearly, u is a 
super-solution and, hence, a local solution to 



Step 3. Steps 1 and 2 show that for any m > 6, the formula in (|6.3p provides a local radial 
solution to (j6.4p . By Step 1, u exists near o and ti is decreasing. Let e > be small. For 
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r > e, an integration of (|6.3p (also see ()6.6p ) leads to 

f r . V'^ ( r 3 \^'^ 

m — ( 3A/i y u{s) ds J r < n(r) < m — |^3Az/(e) J u{s) ds j {r — e). 
Hence, u > 5 in some subinterval [0,t] C [0,i?], where t > 0. Set 
(6.7) rx = sup{r : u{t) > 5, <t < r < R}. 



Step 4. From (|6.3p and Step 3, it is clear that u E C{Br^{o)) and solves 

(6.8) AooU + Aa(x)ii^ = 0, in Br^{o), and n > 5 on dBr^{o). 

We also note that any positive scalar multiple of u also solves (j6.3p . For Cases 1 and 2, we 
assume that 5 > and A < A^. 

Case 1: li rx = R then by ([621), m(^) > 5- If u{R) > 6, scale w such that u{R) = 6. This 
provides us with the unique solution to (|6.4p , see Remark [ 



Case 2: Suppose that rx < R- By the continuity of u, u{rx) = 6. We continue u past r^, 
using (|6.3p . If u{r) > 0, rx < r < R, then we scale u such that u{R) = 6. Suppose that there 
is an f with rx < r < R such that n(f) = (see the estimate in Step 3). Then n > in Bf{o) 
and satisfies the differential equation in (|6.8p . in Bf{o), with u(f) = 0. If f < i?, by Remarks 
14.21 and 14.31 we have that A > A^, a contradiction. If f = i?, then u = in Bf{o), by Lemma 
13. 7i Thus n>OinO<r<i?. We may now scale u such that u{R) = 6. Uniqueness follows 
from Remark 13.51 This proves part (i). 



Step 5. Fix (5 > 0. For each < A < A^, part (i) provides us with a unique solution to (j6.4p 
which we label as ux- The function ux is positive and radial. As has been shown, ux also 
solves (j6.3p . Observe that sup^ ma = ux{0). Working with the functions vx = ux/ux{0), and 
arguing as in Theorem 14. H there is a subsequence vx^^ —^v, as A^ — )• A^, where v is in C{B) 
and solves (j6.4p with v\qb = 0. Moreover, by ()4.4p . 5/ux,.{o) 0. It is clear that v solves 
(j6.3p . in B with m = 1, that is. 



^;(x) = t;(r) = 1 - (3Ai3)^/3 







a{s)v{s)^ ds 







dt, and v{R) = 0. 



Thus f is a first eigenfunction in Bji{o). Next, if for some A > 0, there is a function u, given 
by ()6.3p in B, that is positive and vanishes on |x| = R, then A > A^. This follows from 
Remark 14.31 since u solves (j6.4p with 5 = 0. Lemma |5. II now implies that A = Ag. 

Part (iii) of the theorem can be obtained by a differentiation. Also see the proof of Lemma 

ixrn □ 
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Prom hereon we will take a(r) = 1. Our goal will be to show that, on a ball, an eigenfunc- 
tion, corresponding to the first eigenvalue, has one sign and all radial solutions are scalar 
multiples of each other. Let us set 

ds 



(6.9) f3 







Remark 6.2. In the statement of Theorem (|6.ip (part (iii)), if we take a(x) = 1,5 = and 
X = Xb, then we obtain 

/3 = XbR^. 

We argue its validity as follows. Take A < A^. For 5 > 0, the corresponding solution u is 
positive and unique, see Lemma 13.51 We now recall the argument used in Theorem 14.11 Set 
m = sup^u and recall that m = m{5) becomes unbounded as A ^ Xb, see (|4.4p . Thus, 
(5/m— 7>0asA— t'Ab- As a matter of fact, 5/m depends only on A. Taking limits in the 
formula given in part (iii) of Theorem 16. H the formula for A^ holds. Also the eigenfunction 
u{x) = u{r), r = \x\, given by Theorem 16. H satisfies the radial version of (|6.4p . that is, 

f du\^ d'^u n , , , , . 

(6.10) — — r + ^u-^ = 0, in Br(o), u'(0) =0 and u(R) = 0. □ 

\dr J dr"^ 

We now show that the eigenvalue problem on the ball has infinitely many eigenvalues. 
We also compute the first eigenvalue of an annulus. For < k < r < oo and p € iR", let 



= Bt-{p) \ Bk{p) be the spherical annulus centered at p. Set 2p = t — k and B = Bp{p). 
One of our results shows that A^ = A^ = Since, Q. contains a ball of the same size as 

B, this shows that there is no strict domain monotonicity, in general. We refer the reader to 
Remark W?2\ 



Lemma 6.3. Let R > 0, p G iR" and (3 he as in W. 9^) . Then the problem 

Aooii + Xu^ = 0, in Bb{p), and u = on dBj^{p), 
has infinitely many eigenvalues X. Moreover, the following hold. 

(i) The eigenvalues given by Xi = P{2i — l)^ii~^, i = 1,2, ■ ■ ■ , have corresponding radial 
eigenf unctions. 



(a) Let 0<K<r<oo,pG M"", and = Bt-{p) \ B^{p) be the spherical annulus centered at 
p. Set 2R = T — K and B = Bji{p). Then Xq = Xb = I3R^^. □ 

Proof. We carry out the proof in four steps. We refer to Theorem 16. II for the existence of a 
radial first eigenfunction, also see ()6.10p . The proof has ideas similar to those in Lemma 6.1 
in [6]. Set u'{r) = du/dr. 
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Step 1: Set r = \x — p\, and let u{x) = u{r), < r < R, he a positive radial first 
eigenfunction of on B. We scale sup^ n = 1, and extend u to the rest of as follows. 
To aid our construction, we recall (|6.3p and set a{x) = 1, that is, 

1/3 



rr rt 

5.11) u{x) = u{r) = 1 - (SXb^^^ / u{sf ds 

Jo Jo 



dt, and u'(0) = u{R) = 0. 



First we use an odd reflection about r = R. Define 

[ u{r), 0<r < R, 



ui[r) 

Thus, ui satisfies 



-u{2R-r), R<r<2R. 



dui \ ^ d^ui , o 

in (0, 2R), except perhaps at r = R. Next we use an even reflection about r = 2R and define 



U2{r) 



ui{r), 0<r<2R, 
ui{4R-r), 2R<r < AR. 

Finally, we use a 4i?-periodic extension of U2 to all of [0, oo). More precisely, for < r < oo, 
let /c = 1, 2, • • • , be such that ikR < r < 4(A: + 1)R. Now, define 

u^{r) =U2{r- AkR), for AkR < r < 4(A; + 1)R. 

Step 2: Our goal is to show that Uoo solves 

(6.12) AooUoo + Abu^^ = 0, inJR". 

It is clear from Step 1 that we need check this assertion only at r = i?, 2R. We prove this 
first for r = R. We work with ui. Suppose that if) € C'^{]R^), and ui — ip has a maximum 
at a point q E dBji{p). We may assume that the segment pq lies along the positive x„ axis. 
Let Cn denote the unit vector along the positive x„ axis. By our construction and (j6.1ip . 
ui{q) = ui{R) = 0, thus implying that 

(6.13) ui{x) < Tpi^x) — tp{q) = {DTp{q), x — q) + o{\x — g|), as x — )• g. 

Take x € dBji{p). Since ui{x) = 0, dividing both sides by \x — q\ and letting x ^ q, we get 
Dip{q) = ±\Dip{q)\en- Next, for small 6, select x = q + Ocn- Since u{r) = u{R + 9), we have 

^^i^^|p^< |^(I)V(g),e„) + o(l), as 0^0. 

We select 6* < and note that ui{R + 9) > 0, see ([6TT]) and Step 1. Noting that u[{R) = 
u'{R—), we get {Dilj{p), e„) < u[{R). Now choosing 9 > and recalling that ui{R+9) < 0, we 
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obtain Dilj{q) = u'^(i?)e„. Next, a simple calculation leads to /S.^o^'ip) = {u[{R))'^ Dnn'4'ip) ■ 
To determine the sign of Dnni^ip), we use (|6.13p to obtain 

(6.14) ui{x) < (n;(p)e„,x-g)+ ^^''^^'^^^'^"^^'''"'^^ as x ^ q. 

Taking x = q + Ocn, where 9 is small, it follows that 

ui{R + e) <eu[iR)+ (—jDnni^iq)+o{e^), asO^O. 

Using ()6.1ip and Step 1, a differentiation yields that u'l{R—) = u'({R+) = 0. Clearly, ui is 
near r = i?, if we define u'({R) = 0. Using Taylor's expansion of ui at r = R, we obtain, 
for small 9, 

ui{R + 9)- 9u[{R) = —u"{R) + o(02) < + o{9'^), as 9^0. 

Hence, Dnni^iq) ^ ^'^^ recalling that u{q) = 0, we have AooV'(Q') + ^BU'^{q) = 
{u[{R))'^ Dnnipiq) > 0. Thus Uoo is a sub-solution near \x\ = R. 

Now suppose that for some tp £ C'^ , ui — tp has a minimum at some q £ dBji{p). Then 
(— ui) — {—tp) has a maximum at q. Arguing as above we conclude that ui is a super-solution 
near |x| = R. 

To prove that Uoo solves (|6.12p near \x\ = 2R, we observe that ^'0^(0+) = u'^{2R) = 0. 
This together with the arguments employed in Theorem 16. l( see Step 2) may be now used to 
treat the case r = 2R. Thus (j6.12p holds. 

Step 3. From our construction of u^o in Step 1, it is clear that Uoo((2^ — ^)R) = 0, for 
i = 1,2, ■ ■ ■ . Next, by a differentiation, we see that the function w{r) = Uoo{{2i—l)r) provides 
us with an eigenfunction on Br{p) corresponding to the eigenvalue = (2£ — This 
proves part (i). 

Step 4: We now address part (ii) of the lemma. Recall that Q. = {x : k < |x| < r} and 
2R = T-K. If, for some I = 0,1,2, ■ ■ ■ , k = {2i + 1)R then t = {2i + 3)R. From Step 1, for 
every £, Uoo{{2£ + 1)R) = and Uqo has one sign in [(2£ + 1)R, {2£ + 3)i?]. Hence, Uoo = 0, 
on do,, and Uoo has one sign in 17. Thus, (j6.12p and Lemma |5 . 1 1 implv that Uooir), restricted 
to [k, r], is a first eigenfunction on ^1, and Xq = Xb- If {2i + 1)R < n < {21 + 3)-R for some 
i, then the function v{r) = Uodr — S), 5 = k — (2^ + 1)R is a first eigenfunction in [k, r]. If 
< K < i? and 5 = R — K, then v{r) = Uoo{r + S), k < r < t, is the desired eigenfunction. 
Note that the ordinary differential equation in Remark 16.101 is translation invariant. In any 
case, Xn = Xb- Note also that if ^ = B2p{p) \ {p} then Xa = Xb- □ 
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Finally, we prove that the first eigenfunction, on the ball, has one sign and that all a radial 
solution is unique up to scalar multiplication. Simplicity of would follow if every solution 
is radial. However, it is not clear to us if this is indeed true. 



Theorem 6.4. Let R > 0, let u ^ C{Bfi{o)) solve the eigenvalue problem 

AodU + Xbu^ = 0, in Bii{o), and u = on dBn^o). 

It follows that (i) u has one sign in B[i{o), and (ii) if u is radial and sup^ li = 1 then u is 
unique. 

Proof. Set B = Bii[o); scale u so that u{o) = 1. Set B~^ = {x € B : u{x) > 0} and 
B^ = {x G B : u{x) < 0}. Note that u is infinity super-harmonic in B^ and infinity 
sub-harmonic in B^ . 

We prove part (i). Assume that u changes sign in B. We discuss the case when a component 
C of B^ is compactly contained in B. Since u is an eigenfunction on B~ , Remark 14.31 implies 
that Ac < A^. This contradicts the strict monotonicity shown in Remark 14. 2 i Thus, if i?^ 
is non-empty then B~ dBr{o) is non-empty, for every r close to R. 

We derive bounds for u. Set m = inf b u and M = sup^ u. By our hypothesis, m < < M. 
For any L / 0, select b = b{L) such that (6 + 3LR)'^/^ - b^/^ = -4L. Then the function 



4xv - 



, for X € B, 



satisfies 

AooV' = L, mB\ {o}, V(0) = 1 and V(-R) = 0. 
Set iJM{x) = iP{\x\,-8XbM^) and ^^ix) = ip{\x\,8\B\m\^)- Then 

AooV'M = -8XbM^ < AooU = -Xbu^ < AooV'm = 8AB|m|3. 
Since u{o) = V'm(O) = V'm(O) = 1, and ipm{R) = ipuiR) = n = on dB, Lemma implies 
(6.15) ipmix) < u{x) < ipMix), for X G B. 

Consider all rotations of B about o. Let A be an n x n, orthogonal matrix. Define 

U£{x) = inf for X £ Q. 

Set r = clearly, Ui{x) = Ui{r) = mfQBr{o)U and u{o) = ui{o) = 1. Since Aoo is rotation 
invariant, u{Ax) is an eigenfunction. Arguing as in Theorem 3.1 in [6] (this appears in the 
Perron method and uses a perturbation, see equations (3.2)-(3.4) therein), is a super- 
solution, that is, 

AooUe + Xbu\ < 0, in B, and Uf {R) = 0. 



OO-LAPLACIAN 



35 



Since every u{Ax) satisfies (|6.15p . we have tpmix) < ui{x) < ipA-iix) in Q. Thus, by Lemma 
12. im Ui is locally Lipschitz continuous in B, and ue{r) assumes the zero boundary data 
continuously. 

Define ro = sup{r : > 0, V < t < r}. Recalling that u{o) = 1 and is non- 

empty, we see that < tq < R and n£(ro) = 0. Since every component of B^ meets dB, 
Ui{r) < in vq < r < R. Set A = {x : ro < \x\ < R} and d = {R — ro)/2. We take v = —Ui 
to obtain 

Aoof + Abv^ > 0, ^; > 0, in ^ and v = on dA. 

Next, Lemma 16.31 implies that A a = ^3^(0) > ^B- By Remark 13.21 and Lemma \'6.7\ we get 
< in ^. This is a contradiction and it follows that u >0 in B, and hence, u > 0. 
We now prove part (ii). Let > be the radial solution in B given by part (ii) of Theorem 

16. li Suppose that is a radial first eigenfunction on B. Since every eigenfunction has one 

sign, we may use Remark 13.51 in Br{o), < r < R. Thus 

. u u{r) u{t) u{r) u „ . , , 

mf — = — — < — — < — — = sup — , < t < r. 

dBr{o) V v{r) v{t) v{r) qb^^o) v 

Thus v{r) = {v{o)/u{o))u{r) for any < r < i2. Thus u is a scalar multiple of v and 
uniqueness follows. □ 
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